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ABSTRACT
There has been recent interest in the cosmological consequences of energy-momentum-powered gravity models, in which the matter
side of Einstein’s equations is modified by the addition of a term proportional to some power, n, of the energy-momentum tensor,
in addition to the canonical linear term. In this work we treat these models as phenomenological extensions of the standard ΛCDM,
containing both matter and a cosmological constant. We also quantitatively constrain the additional model parameters using low
redshift background cosmology data that are specifically from Type Ia supernovas and Hubble parameter measurements. We start by
studying specific cases of these models with fixed values of n, which lead to an analytic expression for the Friedmann equation; we
discuss both their current constraints and how the models may be further constrained by future observations of Type Ia supernovas for
WFIRST complemented by measurements of the redshift drift by the ELT. We then consider and constrain a more extended parameter
space, allowing n to be a free parameter and considering scenarios with and without a cosmological constant. These models do not
solve the cosmological constant problem per se. Nonetheless these models can phenomenologically lead to a recent accelerating
universe without a cosmological constant at the cost of having a preferred matter density of around ΩM ∼ 0.4 instead of the usual
ΩM ∼ 0.3. Finally we also briefly constrain scenarios without a cosmological constant, where the single component has a constant
equation of state which needs not be that of matter; we provide an illustrative comparison of this model with a more standard dynamical
dark energy model with a constant equation of state.
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1. Introduction
The search for the physical mechanism behind the observed re-
cent acceleration of the universe is among the most compelling
tasks of modern physics and cosmology. While a cosmological
constant is the simplest known possibility, its well-known prob-
lems of fine-tuning motivate the search for theoretical or phe-
nomenological alternatives, which may be tested by rapidly im-
proving astrophysical and cosmological data.
Recently Roshan & Shojai (2016) have studied a model of
the so-called energy-momentum-squared gravity, where the mat-
ter part of Einstein’s equations is modified by the addition of
a term proportional to T 2 ≡ TαβTαβ and Tαβ is the energy-
momentum tensor. The authors showed that depending on the
choice of the proportionality factor the model may have a cos-
mologically interesting early-time behavior, such as a bounce,
which would avoid the initial singularity. Subsequent works by
Board & Barrow (2017) and Akarsu et al. (2018) have extended
this to the more generic form (T 2)n, dubbed energy-momentum-
powered gravity. Qualitatively, we may think of these models
as extensions of general relativity with a nonlinear matter La-
grangian. As such they are somewhat different from the usual
dynamical dark energy or modified gravity models: in the for-
mer class of models further dynamical degrees of freedom to the
Lagrangian (often in the form of scalar fields) are added, while
in the latter the gravitational part of the Lagrangian is changed.
The initial studies of the cosmological implications of these
models focused on their early-time behavior, which indeed has
several interesting features. In this work we take a complemen-
tary approach and focus on the low redshift behavior of these
models; we study them in the context of the recent acceleration
of the universe using some of the latest low redshift data from the
Pantheon Type Ia supernova compilation by Riess et al. (2018)
and the compilation of 38 Hubble parameter measurements by
Farooq et al. (2017) to constrain these models. These are our
baseline datasets, but we additionally discuss how the constraints
change if we use alternative datasets or complement the baseline
datasets with external priors.
In practical phenomenological terms, we may think of these
models as extensions to the canonical ΛCDM, in which case the
model still has a cosmological constant but the nonlinear mat-
ter Lagrangian leads to additional terms in Einstein’s equations,
and cosmological observations can therefore constrain the corre-
sponding additional model parameters in these terms. Typically
there are two such additional parameters: the power n of the non-
linear part of the Lagrangian and a further parameter (to be de-
fined below) quantifying the contribution of this term to the en-
ergy budget of the universe. We study this scenario, starting with
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few cases with fixed values of n where we can find analytic so-
lutions, since in these cases the interpretation of the extra terms
appearing in the Friedmann equation are physically clear. We
constrain these models using current data, and also discuss how
they can be further constrained by future observations of Type Ia
supernovas from the proposed WFIRST satellite (Spergel et al.
2015) together with measurements of the redshift drift by the Ex-
tremely Large Telescope (ELT) (Liske et al. 2008, 2014). Later
in the work we also study constraints on the whole class of these
models.
We may also ask whether a suitably chosen nonlinear La-
grangian can reproduce the recent (low redshift) acceleration of
the universe in a model which at low redshift only contains mat-
ter (plus a subdominant amount of radiation) but no true cosmo-
logical constant. In principle such a scenario is conceivable and
has been qualitatively discussed in the original work (Roshan &
Shojai 2016). It is also somewhat closer in spirit to the usual
modified gravity models with the caveat that, as previously men-
tioned, in the latter models the modification occurs in the grav-
itational part of the Lagrangian and not in the matter part. We
show that these models have a phenomenological limit where
this is possible, and we also provide constraints on this scenario.
The structure of the rest of this work is as follows. We start
in Sect. 2 with a brief but generic overview of these models and
then discuss their low redshift limit and specifically the three
choices of n that lead to relatively simple analytic solutions. We
then constrain these models, treated as extensions of ΛCDM, in
Sect. 3 using current low redshift data, starting with our baseline
datasets of Pantheon supernova and Hubble parameter measure-
ments. We also study how these constraints change with different
datasets; that is, specifically replacing Union2.1 supernovas with
Pantheon supernovas, or replacing the Hubble parameter mea-
surements by a prior on the matter density. In Sect. 4 we briefly
study how constraints on these models will be improved by fu-
ture astrophysical facilities. In Sect. 5 we consider and constrain
the extended parameter space, where n is a free parameter. In
this section, we again consider the ΛCDM extension scenario,
but we also discuss the extent to which these models can phe-
nomenologically lead to a recent accelerating universe without a
true cosmological constant. For this latter case, we also consider
the case in which the equation of state of the single component,
which we assume to be constant, need not be that of matter. Fi-
nally, we present some conclusions in Sect. 6. We also provide
an illustrative comparison of this model with a more standard
dynamical dark energy model with a constant equation of state
in a brief Appendix.
2. Generic Einstein equations and simple solutions
The general action for these models has the form (Roshan &
Shojai 2016; Board & Barrow 2017)
S =
1
2κ
∫ [
R + η(T 2)n − 2Λ
]
d4x + Smatter , (1)
where κ = 8piG, η is a constant quantifying the contribution of
the T -dependent term, and n = 1 is the particular case discussed
in Roshan & Shojai (2016), which also suggests that η < 0 leads
to an early-universe bounce and satisfactory late-time behavior.
Conversely, these authors suggested that for η > 0 this behavior
is unsatisfactory since there is no stable late-time acceleration;
however, we note that this division is less straightforward for
generic n , 1. In passing we also mention that at a phenomeno-
logical level a further possibility would be to have a term pro-
portional to (T aa )
2, as studied by Poplawski (2006); we leave the
study of this alternative for future work.
In a flat Friedmann-Lemaitre-Robertson-Walker universe
and assuming a perfect fluid, the generalized Friedmann and
Raychaudhuri equations and the corresponding continuity equa-
tion can be written as
3
( a˙
a
)2
= Λ+κρ+η(ρ2 +3p2)n−1
[
(n − 1
2
)(ρ2 + 3p2) + 4npρ
]
(2)
6
a¨
a
= 2Λ− κ(ρ+ 3p)−η(ρ2 + 3p2)n−1
[
(n + 1)(ρ2 + 3p2) + 4npρ
]
(3)
ρ˙ = −3 a˙
a
(ρ+p)
κρ + nηρ(ρ + 3p)(ρ2 + 3p2)n−1
κρ + 2nη(ρ2 + 3p2)n−1
[(
n − 12
)
(ρ2 + 3p2) + 4npρ
] .
(4)
As usual, the Bianchi identity implies that only two of these
equations are independent; for our purposes in the present work,
the most convenient choice is to use the Friedmann and continu-
ity equations.
In what follows we consider the low redshift limit of these
models, further assuming that the universe is composed of mat-
ter and possibly also a cosmological constant. In doing so we are
phenomenologically treating these models as one-parameter ex-
tensions of the canonical ΛCDM model, in which an additional
η-dependent term is constrained by observations. In this case we
can simplify the Einstein equations to
3
( a˙
a
)2
= Λ + κρ + (n − 1
2
)ηρ2n (5)
6
a¨
a
= 2Λ − κρ − (n + 1)ηρ2n , (6)
while the continuity equation becomes
ρ˙ = −3 a˙
a
ρ
κ + nηρ2n−1
κ + (2n − 1)nηρ2n−1 . (7)
We note that the Friedmann equation has some phenomenologi-
cal similarities with the Cardassian models introduced by Freese
& Lewis (2002). Broadly speaking, inspection of the equations
would suggest that n > 1/2 may have nontrivial impacts at early
times, while n < 1/2 may be interesting at late times; we confirm
these expectations in what follows.
In general these equations need to be solved numerically.
However, there are three particular cases for which analytic solu-
tions can be found (at least approximate, low redshift solutions),
corresponding to the values n = 1, n = 1/2 and n = 0. These
have been studied, in a general mathematical context by Roshan
& Shojai (2016), Katırcı & Kavuk (2014), and Board & Barrow
(2017), respectively. In this work we revisit these cases, describ-
ing them more systematically, emphasizing the physical context,
and expressing them in a way that is directly testable with low
redshift data, which we do in the next section. Later in the article
we also discuss the more general case.
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2.1. The case n = 1
This was the case originally considered by Roshan & Shojai
(2016). In this case the continuity equation leads to the usual
behavior for the matter density
ρ = ρ0a−3 (8)
and we can write the Friedmann equation as a function of red-
shift (defined as 1 + z = 1/a) as
H2(z)
H20
= ΩΛ + ΩM(1 + z)3 + ΩQ(1 + z)6 , (9)
with the flatness assumption requiring ΩΛ + ΩM + ΩQ = 1, so
only two of these parameters are independent. For convenience
we have defined
ΩΛ =
Λ
3H20
(10)
ΩM =
κρ0
3H20
(11)
ΩQ =
ηρ20
6H20
. (12)
Alternatively, and for easier comparison with the other choices
of n, we define
Q1 =
ηρ0
2κ
, (13)
leading to a Friedmann equation of the form
H2(z)
H20
= ΩΛ + ΩM(1 + z)3 + Q1ΩM(1 + z)6 . (14)
For this choice of n the effect of the nonlinear matter La-
grangian is a kination-type term behaving as a−6. It is clear that
this is tightly constrained (being problematic at high redshifts)
and that by itself it cannot lead to late-time acceleration. Nev-
ertheless it is a simple and useful toy model to test how well
such terms can be constrained by low redshift data alone. We
note in particular that sufficiently negative values of ΩQ or Q1
would lead to negative values of the Hubble parameter, which is
certainly pathological.
2.2. The case n = 1/2
This case was briefly considered by Katırcı & Kavuk (2014) in
the context of studies of f (R) models with which it has some
similarities. In this case the continuity equation leads to
ρ = ρ0a−3(1+Q1/2) , (15)
where we defined
Q1/2 =
η
2κ
, (16)
and the Friedmann equation has the form
H2(z)
H20
= ΩΛ + ΩM(1 + z)3(1+Q1/2) , (17)
and in the flat case we have the further condition ΩΛ + ΩM =
1. In this case we have a modified evolution of the scale factor
in the matter era, which again should be tightly constrained; a
recent analysis in the context of other extensions of the standard
cosmological model can be found in Tutusaus et al. (2016).
2.3. The case n = 0
This case was briefly studied in Board & Barrow (2017) and
in Akarsu et al. (2018). The latter did a first comparison of the
model with 28 measurements of the Hubble parameter; we up-
date this analysis with additional data.
In this case the continuity equation also leads to the standard
solution
ρ = ρ0a−3 (18)
and a Friedmann equation is
H2(z)
H20
= (ΩΛ − Q0ΩM) + ΩM(1 + z)3 , (19)
where we also defined
Q0 =
η
κρ0
. (20)
In this case in addition to the usual cosmological constant ΩΛ
there is a further constant term given by −Q0ΩM . We may there-
fore ask if one could do without the usual cosmological constant
and still obtain an accelerating universe compatible with obser-
vations. We address and answer this question later in the article.
On the other hand, the flatness constraint is ΩΛ+(1−Q0)ΩM = 1,
which upon substitution leads to
H2(z)
H20
= (1 −ΩM) + ΩM(1 + z)3 ; (21)
in other words, this corresponds to the ΛCDM case.
3. Constraints for specific values of n
In this section we discuss constraints on the models introduced
in the previous section, assuming flatness and also a non-zero
cosmological constant. The models are therefore extensions of
ΛCDM, to which they reduce in the appropriate limits of the
model parameters Qn.
3.1. Baseline datasets
We used the compressed data from the Pantheon compilation in
Riess et al. (2018). We note that the values reported in the arxiv
and published versions are slightly different; in what follows we
used the values from the published version. The 1049 supernova
measurements in the range 0 < z < 2.3 are compressed into 6
correlated measurements of E−1(z) (where E(z) = H(z)/H0) in
the redshift range 0.07 < z < 1.5, providing a nearly identi-
cal characterization of dark energy as the full supernova sample,
thus making it an efficient compression of the raw data. Addi-
tionally we used the compilation of Hubble parameter measure-
ments from Farooq et al. (2017).
We carried out a standard likelihood analysis with ΩM and an
additional n-dependent free parameter. As for the Hubble con-
stant, H0, we consider two different hypotheses: either this con-
stant is fixed at H0 = 70 km/s/Mpc, or it is analytically marginal-
ized as discussed in Anagnostopoulos & Basilakos (2018). The
results of this analysis are summarized in Figs. 1 and 2 for the
case n = 1, and in Fig. 3 for n = 1/2, and in Table 1, which lists
the posterior likelihood constraints on the relevant parameters.
Starting with the n = 1 case, the additional parameter is con-
strained to about the 10−3 level. Naturally the constraints on ΩQ
are tighter than those on Q1 by about a factor of three, which
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Fig. 1. Current constraints for the n = 1 case, using ΩQ as free parameter. In the top panels the black solid curves show the one, two, and three
sigma confidence levels in the two-dimensional plane, while the color map depicts the reduced chi-square; the left panel is for the case of a fixed
H0, while in the right panel it has been analytically marginalized. The bottom panels show the one-dimensional posterior likelihoods for both
parameters; the dashed lines correspond to the fixed H0 and the solid lines to the marginalized case.
is explained by the fact that ΩM ∼ 0.3; although we note that
the degeneracy directions of the two-dimensional likelihoods are
also slightly different. The choice of a fixed or marginalized
Hubble constant has no significant impact on the constraints on
the posterior likelihood for ΩQ or Q1, but does shift that of ΩM
by more than one standard deviation; a higher matter density is
preferred in the marginalized case.
In the case n = 1/2 the parameter Q1/2 is constrained at the
few percent level, and the anticorrelation between this parame-
ter and the matter density is slightly higher than in the n = 1
case. The preferred value for the matter density is also slightly
higher than in the previous case, and again the main effect of the
marginalization is to slightly increase the value of the preferred
matter density. Although the model studied by Tutusaus et al.
(2016) is somewhat different, we note that their parameter  is
analogous to our Q1/2, and that their analysis (specifically for
the Euclid galaxy clustering data with a fixed physical baryon
density) leads to forecasts on low redshift constraints that are
comparable to ours.
For completeness we also show in Fig. 4 and Table 1 the
constraints on the matter density for the n = 0 case, which corre-
sponds to the flat ΛCDM case as we previously mentioned. We
see that the extension of the parameter space weakens the con-
straints on ΩM in the n = 1/2 case but not in the n = 1 case.
However, in all cases this extension shifts the preferred matter
density to higher values.
Table 1. One sigma posterior likelihoods on the matter density ΩM and
the additional free parameter for various flat models containing matter
plus a cosmological constant, and a nonlinear matter Lagrangian with
various different values of n. The constraints come from the combina-
tion of Pantheon supernova and Hubble parameter measurements, and
are listed for fixed or analytically marginalized values of H0.
Model H0 Model parameter ΩM
n = 1, ΩQ Fixed (−0.7 ± 0.5) × 10−3 0.28 ± 0.01
n = 1, ΩQ Marginalized (−1.0 ± 0.6) × 10−3 0.31 ± 0.02
n = 1, Q1 Fixed (−2.6 ± 1.7) × 10−3 0.28 ± 0.01
n = 1, Q1 Marginalized (−3.3 ± 1.8) × 10−3 0.31 ± 0.02
n = 1/2, Q1/2 Fixed (−4.1 ± 3.4) × 10−2 0.30 ± 0.03
n = 1/2, Q1/2 Marginalized (−5.6 ± 3.5) × 10−2 0.33 ± 0.04
n = 0 (ΛCDM) Fixed N/A 0.27 ± 0.01
n = 0 (ΛCDM) Marginalized N/A 0.28 ± 0.02
3.2. Robustness tests with other datasets
As a test of the robustness of the constraints obtained in the
previous section, we repeat the analysis for some alternative
choices of cosmological datasets. We focus on the three mod-
els described by parameters Qn (ignoring the case with ΩQ)
Firstly, we use the Union2.1 Type Ia supernova compilation
of Suzuki et al. (2012) instead of the Pantheon supernovas. This
contains a total of 580 supernovas in the redshift range 0.015 <
z < 1.414. For simplicity we only carry out the analysis for a
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Fig. 2. Current constraints for the n = 1 case, using Q1 as free parameter. In the top panels the black solid curves show the one, two, and three
sigma confidence levels in the two-dimensional plane, while the color map depicts the reduced chi-square; the left panel indicates the case of a
fixed H0, while in the right panel it has been analytically marginalized. The bottom panels show the one-dimensional posterior likelihoods for both
parameters; the dashed lines correspond to the fixed H0 and the solid lines to the marginalized case.
Table 2. One sigma posterior likelihoods on the matter density ΩM and
the additional free parameter Qn for various flat models containing mat-
ter plus a cosmological constant, and a nonlinear matter Lagrangian
with various different values of n. The constraints come from the com-
bination of Union2.1 supernova and Hubble parameter measurements
with a fixed H0 = 70 km/s/Mpc.
Model Qn ΩM
n = 1 (−4.1 ± 1.5) × 10−3 0.30 ± 0.01
n = 1/2 (−7.5 ± 3.0) × 10−2 0.33 ± 0.03
Hubble constant fixed at H0 = 70 km/s/Mpc. The results are
summarized in Fig. 5 and in Table 2.
We find that with the Union2.1 data the constraints on the
parameter Qn are slightly stronger for both n = 1 and n = 1/2,
while those on ΩM are almost identical. There is good overall
consistency in all cases, the one point that is perhaps worthy of
notice is that with the Union2.1 data the best-fit values for Qn are
shifted to more negative values by about one standard deviation,
while those of the matter density are correspondingly shifted to
higher values.
We also test replacing the Hubble parameter measurements
with a prior on the matter density. One motivation for doing this
is that this compilation of Hubble parameter measurements is
heterogeneous. Some of the measurements come from galaxy
clustering and baryon acoustic oscillations observations, while
others come from the so-called cosmic chronometers or differ-
ential age method proposed by Jimenez & Loeb (2002), and it
Table 3. One sigma posterior likelihoods on the additional free param-
eter Qn for various flat models containing matter plus a cosmological
constant, and a nonlinear matter Lagrangian with various different val-
ues of n. The constraints come from the combination of the Pantheon
supernova data with the Planck or DES priors described in the main
text.
Model parameter Planck DES
Q1 (−0.4 ± 1.2) × 10−2 (1.6+2.9−2.1) × 10−2
Q1/2 (−2.6 ± 4.2) × 10−2 (3.8+9.0−8.0) × 10−2
is not currently clear that possible systematics issues of the cos-
mic chronometers method are well understood and under con-
trol (Liu et al. 2016; Lopez-Corredoira et al. 2017; Concas et al.
2017; Lopez-Corredoira & Vazdekis 2018). Our matter priors are
provided by the Planck satellite (Aghanim et al. 2018), specifi-
cally ΩM = 0.315 ± 0.007, or from the Dark Energy Survey
(DES) Year 1 galaxy clustering and weak gravitational lensing
data, which is referred to by the DES collaboration as the 3 × 2
data (Abbott et al. 2018), specifically ΩM = 0.28 ± 0.04.
The results of this analysis are summarized in Fig. 6 and in
Table 3. Compared to our baseline constraints, the Planck prior
leads to constraints for Q1, which are weaker by about a factor
of seven and by about 20% for Q1/2. On the other hand, the DES
prior leads to constraints that are about a factor of two weaker
than those of Planck for each of the models.
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Fig. 3. Current constraints for the n = 1/2 case, using Q1/2 as free parameter. In the top panels the black solid curves show the one, two, and three
sigma confidence levels in the two-dimensional plane, while the color map depicts the reduced chi-square; the left panel indicates the case of a
fixed H0, while in the right panel it has been analytically marginalized. The bottom panels show the one-dimensional posterior likelihoods for both
parameters; the dashed lines correspond to the fixed H0 and the solid lines to the marginalized case.
Fig. 4.One-dimensional posterior likelihood for the matter density from
our supernova and Hubble parameter datasets for the n = 0 case.
The dashed line corresponds to the fixed H0 and the solid line to the
marginalized case.
4. Forecasts for specific values of n
Before moving on to the broader parameter space of these mod-
els, we briefly discuss how the constraints discussed in the previ-
ous sections might be improved by future observations. Specifi-
cally, we consider measurements of the redshift drift by the ELT
(Liske et al. 2008, 2014), which will directly probe the expan-
sion of the universe in the deep matter era, and an improved su-
pernova dataset.
The redshift drift of an astrophysical object following the
cosmological expansion can be shown to be given by (Sandage
1962)
∆z = τobsH0 [1 + z − E(z)] , (22)
where τobs is the observation time span, although the actual ob-
servable is a spectroscopically measured velocity
∆v = kτobsh
[
1 − E(z)
1 + z
]
, (23)
which for convenience we expressed in terms of E(z) and h; we
also introduced the normalization constant k, which has the value
k = 3.064 cm/s if τobs is expressed in years. In the case of the
ELT, and specifically its planned high-resolution spectrograph
currently known as ELT-HIRES (Liske et al. 2014), the uncer-
tainty in the velocity measurement is expected to be (Liske et al.
2008)
σv(z) = 1.35
(
2370
S/N
) √
30
Nqso
(
5
1 + zqso
)λ
, (24)
where S/N denotes the signal to noise of the spectra available at
the redshift bin zqso and Nqso is the number of quasars observed
at that redshift. The exponent of the last term is λ = 1.7 for
zqso ≤ 4 and λ = 0.9 for zqso > 4.
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Fig. 5. Current constraints for various values of n, using the Union2.1 supernova data instead of the Pantheon data. In the top left (n = 1) and
top right (n = 1/2) panels the black solid curves show the one, two, and three sigma confidence levels in the two-dimensional plane, while the
color map depicts the reduced chi-square. The bottom panels show the one-dimension posterior likelihoods for the parameters Q1 and Q1/2 and
the matter density ΩM in both cases. The Hubble constant has been kept fixed throughout.
We assume a realistic observation program with a time span
of τobs = 20 years, a signal to noise S/N = 3000 in each mea-
surement, and three different measurements at redshift bins cen-
tered at zqso = 2.5, 3.5, 5.0, each based on data from Nqso = 10
quasars. The predicted signals for the two representative models
(n = 1 and n = 1/2) are shown in Fig. 7, for various choices
of the free model parameter Qn and fixed values ΩM = 0.3 and
h = 0.7. It is clear that the constraining power of the redshift drift
for constraining these models—as well as for many others—lies
at the high end of the redshift range, both because the measure-
ments are potentially more sensitive and because deviations from
the standard ΛCDM behavior are larger there. This is especially
visible for the n = 1 case, since values of Q1 < 0 lead to a very
unorthodox high redshift behavior.
The work of Riess et al. (2018) also discusses a fu-
ture dataset of supernova measurements from the proposed
WFIRST satellite (Spergel et al. 2015). Their analysis leads
to the following values for percent errors on E(z): σ =
1.3, 1.1, 1.5, 1.5, 2.0, 2.3, 2.6, 3.4, 8.9 for the nine redshift bins
centered at z = 0.07, 0.20, 0.35, 0.60, 0.80, 1.00, 1.30, 1.70, 2.50,
respectively. These measurements are not fully independent, as
there are pairwise correlations among some of the measure-
ments, but these effects are small. Their simulated dataset was
also obtained under the assumption of a flat universe.
We thus forecast constraints on the two fixed-n models intro-
duced in Sect. 2 and constrained with current data in Sects. 3-3.2
for a combined mock dataset of ELT redshift drift and WFIRST
supernova measurements. In addition to this dataset on its own,
we will also consider a further case where the dataset is com-
Table 4. One-sigma uncertainty (marginalizing over other relevant pa-
rameters) for the additional free parameter, Qn of two flat fixed-n mod-
els, including a cosmological constant, for various combinations of ob-
servational data. The first three rows refer to current data, while the last
two are forecasts for future data.
Data Planck prior σ(Q1) σ(Q1/2)
Pantheon+Hubble No 1.8 × 10−3 3.5 × 10−2
Union2.1+Hubble No 1.5 × 10−3 3.0 × 10−2
Pantheon Yes 1.2 × 10−2 4.2 × 10−2
ELT+WFIRST No 3.0 × 10−4 1.8 × 10−2
ELT+WFIRST Yes 2.7 × 10−4 9.2 × 10−3
plemented by a Planck-like prior that has an uncertainty on the
matter density σ(Ωm) = 0.007. In all cases our fiducial will be a
flat ΛCDM model with Ωm = 0.3 and h = 0.7.
The results of this analysis are summarized in Fig. 8 and
in Table 4, which compares the expected uncertainty on the pa-
rameters Qn with those obtained under various assumptions and
discussed in previous sections. We note the significant improve-
ments in all cases, by at least a factor of two, and in some cases
more than one order of magnitude. As previously mentioned, it
is also clear that the redshift drift strongly excludes values of
Q1 < 0.
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Fig. 6. Current constraints for various values of n, using a prior on the matter density instead of the Hubble parameter data. The left panels show
the results for a Planck prior, while the right panels show the results for a DES prior. The black solid curves show the one, two, and three sigma
confidence levels in the two-dimensional plane, while the color map depicts the reduced chi-square. The top and bottom panels correspond to
n = 1 and n = 1/2, respectively.
Fig. 7. Redshift dependence of the redshift drift signal (expressed as the corresponding spectroscopic velocity) for n = 1 in the left panel and
n = 1/2 in the right panel, and various model parameters Qn. The error bars expected from future ELT measurements are also depicted.
5. Cosmological evolution and constraints for
generic n
So far we studied particular cases of this class of models corre-
sponding to specific (fixed) values of the power n of the nonlin-
ear matter Lagrangian. We now relax the n = const. assumption
and study the more general case in which n is itself a model pa-
rameter that is allowed to vary and constrained by observations.
In order to do this we define a dimensionless cosmological den-
sity r, via ρ = rρ0, where ρ0 is the present day density, as well as
a generic parameter
Q =
η
κ
ρ2n−10 . (25)
With these assumptions the continuity equation for a model con-
taining matter and possibly also a cosmological constant, previ-
ously introduced in Eq. 7, and expressed in terms of redshift and
not time, has the form
dr
dz
=
3r
1 + z
× 1 + nQr
2n−1
1 + (2n − 1)nQr2n−1 ; (26)
this can be numerically integrated to yield r(z), and the result
can then be substituted into the Friedmann equation, previously
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Fig. 8. Forecasted constraints in the Qn–ΩM plane for two choices of n. The black solid curves show the one, two, and three sigma confidence levels
in the two-dimensional plane, while the color map depicts the reduced chi-square. The top and bottom panels correspond to n = 1 and n = 1/2,
respectively. The left side panels show the forecasts for the combination of simulated ELT redshift drift and WFIRST supernova measurements,
while for the right side panels a Planck-like prior on the matter density has been added to this data.
defined in Eq. 5, which in these variables becomes
E2(z) =
H2(z)
H20
= ΩΛ + ΩMr +
(
n − 1
2
)
QΩMr2n . (27)
Our flatness assumption requires that ΩΛ = 1 − ΩM[1 + (n −
1/2)Q], and therefore the Friedmann equation becomes
E2(z) =
H2(z)
H20
= ΩΛ + ΩMr + (1 −ΩM −ΩΛ)r2n . (28)
Alternatively, we can also use the flatness assumption to ellimi-
nate Q in the continuity equation, writing it as
dr
dz
=
3r
1 + z
× (2n − 1)ΩM + 2n(1 −ΩM)r
2n−1
(2n − 1)[ΩM + 2n(1 −ΩM)r2n−1] ; (29)
in the special case n = 1/2 we have the analytic solution already
described in Section 2.2.
This shows that in a phenomenological sense these models
could explain the recent acceleration of the universe without in-
voking a cosmological constant but relying instead on the non-
linearities of the matter Lagrangian in a matter-only universe
with n = 0. However, we note that even if these models can lead
to accelerating universes without a cosmological constant, this
is not per se sufficient to solve the “old” cosmological constant
problem of why it should be zero.
For n close to but not equal two zero, two things happen:
on the one hand the (formerly) constant term in the Friedmann
equation becomes lowly varying, and on the other hand the con-
tinuity equation implies that the matter density does not behave
exactly as r ∝ (1 + z)3. We now discuss the extent to which devi-
ations from the n = 0 case are observationally allowed, and also
the most general parameter space where a standard cosmological
constant is also allowed.
It is in fact possible to consider a further generalization: in-
stead of considering a universe with a matter fluid, we can as-
sume that this fluid has a constant equation of state w = p/ρ =
const. (with the matter case corresponding to w = 0). In this case
the continuity equation becomes
dr
dz
=
3r
1 + z
(1 + w) × 1 + nQ f1(n, w)r
2n−1
1 + 2nQ f2(n, w)r2n−1
, (30)
where for convenience we defined
f1(n, w) = (1 + 3w)(1 + 3w2)n−1 , (31)
and
f2(n, w) = (1 + 3w2)n−1
[(
n − 1
2
)
(1 + 3w2) + 4nw
]
. (32)
Figure 9 illustrates the dependence of these functions on their
two parameters. In this case the Friedmann equation has the form
E2(z) =
H2(z)
H20
= ΩΛ + ΩMr + f2(n, w)QΩMr2n , (33)
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Fig. 9. Values of the functions f1 and f2 (cf. Eqs. 31 and 32, respectively) as functions of the power n of the nonlinear term and the dark energy
equation of state w. The dashed and solid lines identify the locus of parameters where the functions have values of zero and unity, respectively. We
note that the color bars in the two panels have different scales.
with the flatness condition requiring ΩΛ = 1 − ΩM[1 + f2Q]. It
follows that the Friedmann equation has the same explicit form
E2(z) =
H2(z)
H20
= ΩΛ + ΩMr + (1 −ΩM −ΩΛ)r2n , (34)
although of course the redshift dependence is different. In this
case the continuity equation can also be written in a way that
elliminates Q,
dr
dz
=
3r
1 + z
(1 + w) × ΩM f2 + n(1 −ΩM) f1r
2n−1
f2[ΩM + 2n(1 −ΩM)r2n−1] . (35)
5.1. The ΩΛ = 0 matter case
We can now use our Pantheon and Hubble parameter data to con-
strain the scenario in which the recent acceleration of the uni-
verse is due to the nonlinear part of the Lagrangian rather than
the usual cosmological constant. As seen above, in this case the
parameter Q can be elliminated so we have a two-dimensional
parameter space n–ΩM to constrain. As before the Hubble con-
stant H0 is analytically marginalized.
The results of this analysis are summarized in Fig. 10 and
also in the first row of Table 5. As expected given the form of the
Friedmann and continuity equations, there is a clear degeneracy
between the two parameters. The best-fit values are about one
standard deviation away from the canonical values n = 0 and
ΩM ∼ 0.3, and a non-zero n ∼ 0.04 and a slightly higher matter
density are preferred. However, at the two sigma level the results
are consistent with ΛCDM.
5.2. The ΩΛ , 0 matter case
In this case we have a three-dimensional parameter space to con-
strain, specifically (ΩM , n,Q). It is also clear that there is a strong
degeneracy between the model parameters n and Q, and indeed
we find that current low redshift data cannot constrain Q, and
only constrains n weakly. Nevertheless, the matter density can
still be constrained.
Moreover, it is also clear that the constraints are some-
what dependent on the choice of priors. We explored two such
choices. Firstly, if we allow n to have any value from n = 0 to
n = 1 and even slightly negative values, as we did already in
the previous subsection, it is clear that Q must be very small (in
Table 5. One sigma posterior likelihoods on the power n, the matter
density ΩM and the constant equation of state w (when applicable) for
various flat models containing matter, with or without a cosmological
constant, and a nonlinear matter Lagrangian. The specific assumptions
for each case are described in the main text. The constraints come from
the combination of the Pantheon supernova data and Hubble parameter
measurements.
Model assumptions n ΩM w
ΩΛ = 0, Matter 0.04 ± 0.04 0.39 ± 0.08 N/A
ΩΛ , 0, |Q| ≤ 0.05 0.82+0.11−0.26 0.26+0.03−0.02 N/A
ΩΛ , 0, |Q| ≤ 0.50 Unconstrained 0.26+0.05−0.03 N/A
ΩΛ = 0, w = const. Unconstrained 0.56+0.10−0.27 −0.16+0.06−0.05
absolute value); this is because otherwise a term with a redshift
dependence stronger than the matter one, (1 + z)3 would become
dominant at fairly low redshifts. Secondly, if we exclude this sce-
nario by imposing n < le0.5 then larger values of |Q| are allowed.
For these two scenarios we chose the uniform priors |Q| ≤ 0.05
and |Q| ≤ 0.50, respectively.
The results are summarized in Fig. 11 and also in the sec-
ond and third rows of Table 5. With the first choice of priors,
corresponding to small values of |Q|, we can still constrain n
at the one-sigma level (with a large value preferred), but at the
two sigma level it is unconstrained. On the other hand, allowing
for larger |Q| (our second choice of priors) n becomes uncon-
strained. In either case, the posterior likelihood on ΩM is only
moderately affected by these choices and the best-fit value is ac-
tually the same in both cases, although the one-sigma uncertain-
ties are significantly larger in the second case. This best-fit value
is also slightly lower than the best-fit values for specific values
of n, previously discussed in Section 3, but still consistent with
it given the larger uncertainties.
5.3. The ΩΛ = 0, w = const case
Finally we return to the ΩΛ = 0 case while allowing for a con-
stant equation of state, w = const; the matter case corresponds
to w = 0 In this case we also have a three-dimensional parameter
space to constrain, specifically (ΩM , n, w). It is again clear that
we have a strong degeneracy between n and w, which are both
part of the two functions f1 and f2. It is clear that the region of
parameter space, which is of interest for ΩΛ = 0, is that around
n ∼ 0 and w ∼ 0.
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Fig. 10. Current constraints on the n–ΩM parameter space for flat universes with ΩΛ = 0. In the top panel the black solid curves show the one,
two, and three sigma confidence levels in the two-dimensional plane, while the color map depicts the reduced chi-square. The bottom panels show
the one-dimensional posterior likelihoods for both parameters.
Our results are summarized in Fig. 12 and also in the second
and third rows of Table 5. We find that n is again unconstrained,
while the matter density and its equation of state can be reason-
ably constrained. In the former case, however, the one-sigma un-
certainties are significantly larger than in the w = 0 cases studied
in the rest of the article. Again these is a preference for a higher
matter density (as well as slightly negative equation of state),
although given the larger error bars this is not statistically signif-
icant.
6. Conclusions
We have presented a quantitative study of the low redshift cos-
mological consequences of energy-momentum-powered gravity
models, in which the matter part of Einstein’s equations is mod-
ified by the addition of a term proportional to some power of
the energy-momentum tensor, in addition to the canonical lin-
ear term. These models can be phenomenologically considered
as extensions of general relativity with a nonlinear matter La-
grangian. In this sense they are interesting since they are some-
what different from the usual dynamical dark energy or modified
gravity models, which either introduce extra dynamical degrees
of freedom to the Lagrangian (typically scalar fields) or grav-
itational part of the Lagrangian. In our study we pursued two
different approaches, treating these models either as extensions
of the canonical ΛCDM scenario or as more direct alternatives
to this scenario (in the sense of being capable of producing late-
time acceleration without a true cosmological constant).
In the first approach, these models include additional param-
eters that are constrained to be small, so that the standard ΛCDM
model is recovered in the appropriate limits. In the early part of
our work we focused on three specific examples of these models
(characterized by three different powers of the nonlinear matter
Lagrangian term, given by the model parameter n), for which
there are solutions that are analytic solutions and lead to mod-
els with a clear physical interpretation, and we constrained the
corresponding parameters using recent low redshift background
cosmology data. We also briefly discussed how next generation
ground and space astrophysical facilities will improve on these
constraints. In the latter part of the work we also studied the
broader parameter space where the power of the nonlinear term,
n, is itself a free parameter.
As a second approach we analyzed the previous suggestion
that these models might—at least at a penomenological level—
account for the recent acceleration of the universe without invok-
ing a cosmological constant (i.e., with only a matter component).
We showed that this is in principle a possibility and constrained
the corresponding value of n, which needs to be no larger (in
absolute value) than a few percent. Interestingly, in this case
there is a positive correlation between n and the matter density:
a slightly positive value of n requires a value of ΩM , which is
slightly larger than the canonical value. For this case we also re-
laxed the assumption that the single component is matter, allow-
ing it to have a constant equation of state; in this case a slightly
negative equation of state is preferred, while the preferred value
of ΩM is also larger. In all cases, the preferred values differ from
the canonical ΛCDM by no more than two standard deviations.
We note that our work was only concerned with low red-
shift background cosmology constraints. Two interesting topics
that we have not addressed, but leave for future work, are the
Article number, page 11 of 15
A&A proofs: manuscript no. square
Fig. 11. Current constraints on the n–ΩM parameter space for flat universes with ΩΛ , 0. In the left panels the black solid curves show the one,
two, and three sigma confidence levels in the two-dimensional plane, while the color map depict the reduced chi-square. The right panels show the
one-dimensional posterior likelihoods for ΩM . The top and bottom panels correspond to the two choices of priors discussed in the text.
inclusion of high redshift constraints, in particular from the cos-
mic microwave background, and, more generally, the clustering
properties of these models. The field equations of the model dif-
fer from those of general relativity only in the presence of matter
sources, so we might also expect differences at this level. These
may lead to constraints on this class of models that are more
stringent than those we presented here. In any case, the extent to
which a nonlinear matter Lagrangian may contribute to the dy-
namics of the recent universe is certainly an interesting question
for further exploration.
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Fig. 12. Current constraints on the n–ΩM–w parameter space for flat universes with ΩΛ = 0. In the top panels the black solid curves show the one,
two, and three sigma confidence levels in the two-dimensional plane, while the color maps depict the reduced chi-square. The bottom panels show
the one-dimensional posterior likelihoods for the matter density and its equation of state (which is assumed to be constant).
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Appendix A: Comparison with a dynamical dark
energy model
As mentioned in the introduction, these energy-momentum-
powered gravity models are somewhat different from the usual
dynamical dark energy and modified gravity models. In the for-
mer class of models further dynamical degrees of freedom are
added to the Lagrangian (often in the form of scalar fields), while
in the latter the gravitational part of the Lagrangian is changed.
We provide a simple illustrative comparison with a dynamical
dark energy model. We again use the compressed data from the
Pantheon compilation in Riess et al. (2018) and the compilation
of Hubble parameter measurements from Farooq et al. (2017),
and analytically marginalize the Hubble constant.
For a canonical dynamical dark energy model, assumed to
be flat and with a constant dark energy equation of state, w0, the
Friedmann equation reads
H2(z)
H20
= ΩM(1 + z)3 + (1 −ΩM)(1 + z)3(1+w0) , (A.1)
and the continuity equation for the dark energy is the standard
dr
dz
=
3r
1 + z
(1 + w0) . (A.2)
The constraints on this model from our datasets are depicted on
the left-hand side of Figure A.1. The one sigma posterior likeli-
hoods for the two model parameters are written as
ΩM = 0.27 ± 0.02 (A.3)
w0 = −0.92 ± 0.06 . (A.4)
At the two sigma level this is consistent with ΛCDM, and the
acceleration is due to a component whose equation of state is
fairly similar to that of a cosmological constant.
Now consider the energy-momentum-powered gravity mod-
els studied in Section 5.1, also assumed to be flat. In this case
the only component of the universe is matter, but the nonlinear
Lagrangian leads to additional terms in the Friedmann equation,
which now reads
E2(z) =
H2(z)
H20
= ΩMr + (1 −ΩM)r2n , (A.5)
and the continuity equation now has the form
dr
dz
=
3r
1 + z
× 1 + nQr
2n−1
1 + (2n − 1)nQr2n−1 . (A.6)
We could rewrite this equation in a form akin to that of a dynam-
ical dark energy model, defining an effective equation of state
dr
dz
=
3r
1 + z
(1 + we f f (z)) ; (A.7)
we note that this effective equation of state is redshift-dependent.
In particular, at redshift z = 0 we have
we f f ,0 =
2n(1 − n)Q
1 + (2n − 1)nQ (A.8)
and the flatness condition also implies
Q
(
n − 1
2
)
=
1 −ΩM
ΩM
. (A.9)
We see that the effective equation of state is indeed be matter-
like (we f f ,0 = 0) if Q = 0 or n = 0, but is different otherwise.
We can repeat the analysis of Section 5.1, using the above re-
lations to constrain the parameter space (ΩM , we f f ,0) instead of
(ΩM , n). The results are similar although not identical, since a
uniform prior on n (assumed in Section 5.1) is not equivalent to
a uniform prior on we f f ,0 (assumed here) since the relation be-
tween the two parameters is nonlinear. The constraints on the
(ΩM , n) parameter space are shown in Figure 10; those on the
(ΩM , we f f ,0) parameter space are in the right-hand side of Figure
A.1. In this case the one-sigma posterior likelihoods on the two
model parameters are written as
ΩM = 0.36+0.08−0.10 (A.10)
we f f ,0 = −0.30+0.16−0.09 . (A.11)
This provides a simple but hopefully illustrative comparison
between the two models. As expected the constraints are stronger
for the “standard” dynamical dark energy model. As already dis-
cussed in the main text, we see that energy-momentum-powered
models can only reproduce the recent acceleration of the uni-
verse without a true cosmological constant by having a matter
density that is higher than that preferred by the ΛCDM scenario.
On the other hand the present-day value of the effective equation
of state is somewhat different from the matter one (wm = 0), but
compatible with that obtained (under different assumptions) in
Section 5.3.
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Fig. A.1. Comparing constraints in a dynamical dark energy model with a constant equation of state (left-hand side panels) and in an effective
description of an energy-momentum-powered gravity model as a dark energy model with an effective equation of state (right-hand side panels).
In the top panels the black solid curves show the one, two, and three sigma confidence levels in the two-dimensional plane, while the color maps
depict the reduced chi-square. The middle and bottom panels show the one-dimensional posterior likelihoods for the matter density and the relevant
equation of state parameters defined in the text.
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